Abstract. Let PRIMES be the set of all primes. We show that a multiplicative function which satisfies
for p, q ∈ PRIMES, then f (n) = n for all n ≥ 1 or f (n) = 0 for all n ≥ 2.
Results

Lemma 1. If a multiplicative function f satisfies
for arbitrary a, b ∈ PRIMES − 1, then f satisfies
for arbitrary p, q ∈ PRIMES.
Proof. Note that f (2) = f (1) + f (1) = 2. For p prime and q = 2, we have that
Thus, f (p + q − 2) = f (p − 1) + f (q − 1) = f (p) + f (q) − f (2). Now we investigate the multiplicative function satisfying f (p + q − 2) = f (p) + f (q) − f (2) rather than f (p − 1) + (q − 1) .
Lemma 2. If a multiplicative function f satisfies
for arbitrary p, q ∈ PRIMES, then f (2) = 0, 1, or 2. Also, f (n) is determined for 3 ≤ n ≤ 18 according to f (2). But, f (9) is not determined when f (2) = 0.
Proof. Since f is multiplicative, we have f (1) = 1. From the equalities
we obtain three cases:
Besides, since
we can conclude that for 3 ≤ n ≤ 18
for arbitrary p, q ∈ PRIMES and f (2) = 2, then f is the identity function.
The following corollary follows immediately.
Corollary 1. PRIMES is an additive uniqueness set for the set of multiplicative functions.
To prove the theorem we need some lemmas. In the first step, we use the fact that every even positive integer smaller than some upper bound is expressible as the sum of two primes. In the second step, we apply the theorem that almost every even number is the sum of two primes. Proof. The proof is almost identical to [11, p.237 Proof of Lemma 4] . For convenience we write the proof here.
By the Lemma 2, we have that f (n) = n for 1 ≤ n ≤ 18. Assume that M is an integer with 18 ≤ M ≤ N − 3 and that we have f (n) = n for all n ≤ M . We will show that f (M + 1) = M + 1.
If M + 1 is even, then M + 3 is sum of two primes, say p and q. Thus,
Now, suppose that M + 1 is odd. If M + 1 is prime, then let q ∈ {3, 5} be chosen so that M + 1 + q ≡ 0 (mod 4). Note that
and thus
by the multiplicity of f . Since f (n) = n for n ≤ M ,
from which it follows that f (M + 1) = M + 1. If M + 1 = ab with relatively primes a < M and b < M , then f (M + 1) = f (ab) = f (a)f (b) = M + 1. Thus, it remains to show f (M + 1) = M + 1 when M + 1 is a power of an odd prime.
Asume that there exist two primes p and q satifying 2(M + 1) + 2 = p + q with p < (M + 1) + 1 < q.
Choose a prime r ∈ {3, 5, 7, 17} such that q + r ≡ 6 (mod 8). Then, 18 [10] . To bypass the Goldbach Conjecture, we construct a specific set H and use the fact that the set of even integers which are not the sum of two primes has density zero. In the following lemma, v p (n) means the exponent of p in the prime factorization of n when p is a prime and n is a positive integer. The set H was defined by Spiro and the numerical verification of Goldbach Conjecture was up to 2 × 10 10 at that time. We would call the set H in the lemma the Spiro set.
Lemma 4. Let
H = {n | v p (n) ≤ 1 if p > 1000; v p (n) ≤ ⌊9 log p 10⌋ − 1 if p < 1000}.
For any integer m > 10
10 , there is an odd prime q ≤ m − 1 such that m + q ∈ H.
Proof. 
Then H n satisfies the following properties:
(1) Every element of H n is even.
The set H n has positive lower density.
Lemma 6 ([11, Lemma 6]). Almost every even positive integer is expressible as the sum of two primes.
Lemma 7. Provided f (2) = 2, then f (n) = n for all n ∈ H.
Proof. If n < 10 10 , then f (n) = n from Lemma 3 and the numerical verification of Goldbach Conjecture. Let n ∈ H with n > 10 10 and assume that f (m) = m for all m ∈ H with m < n. If n is not a prime power, then f (n) = f (a)f (b) with (a, b) = 1 and a, b > 1. Since f (a) = a and f (b) = b by the induction hypothesis, f (n) = n. Now, if n is a prime power, then n is a prime by the definition of H. We have that there exists an odd prime q < n − 2 with (n − 2) + q ∈ H by Lemma 4. Since n is odd, n + q − 2 is even and thus n + q − 2 = 2 s k with 1 ≤ s ≤ 29 and k odd. Then, f (2 s ) = 2 s and f (k) = k by the induction hypothesis since 2 s < 10 10 < n and k < n. Since n is prime,
Proof of Theorem 1. If the theorem is false, let n be the minimal counterexample. Clearly, n > 10 10 . Consider k ∈ H n . Then, n | k, (k/n, n) = 1, and k/n ∈ H. We can deduce that
Note that H contains all primes. Thus, f (p) = p for p ∈ PRIMES. If k = p + q − 2 for some p, q ∈ PRIMES, then f (k) = f (p) + f (q) − f (2) = k and thus f (n) = n. But, since we choose n to be the counterexample, no element k ∈ H n can be of the form p + q − 2. That is, k + 2 cannot be expressible as the sum of two primes, which contradicts Lemma 6 by Lemma 5.
Ergo, f (n) = n for all positive integers n.
Theorem 2. If a multiplicative function f satisfies
for arbitrary p, q ∈ PRIMES and f (2) = 1, then f (n) = 1 for all positive integers n.
Proof. We can prove in the way similar to the proof of Theorem 1 under the condition f (2) = 1.
Theorem 3. If a multiplicative function f satisfies
for arbitrary p, q ∈ PRIMES and f (2) = 0, then f (n) vanishes when n is even or nonsquareful. Besides, f (p s ) can be assigned to be an arbitrary number for odd p ∈ PRIMES and s ≥ 2.
Proof. We have that f (p) = 0 for p prime ≤ 18 by Lemma 2. Let p be a prime ≥ 19. We choose q ∈ {3, 5} such that p + q ≡ 0 (mod 4). Then
So, f (p) = 0 and thus f (n) = 0 for every nonsquareful integer n. We can reason that f (2n) = 0 in the way similar to the proof of Theorem 1. Thus, f (2 s ) = 0 for every positive integer s. Note that f (2 s k) = f (2 s )f (k) = 0 gives no information about f (k) when k is odd. Also, if n = p + q − 2 is odd, then it is possible only when n itself is a prime and q = 2. Thus we cannot determine f (p s ) for p prime and s ≥ 2. Then, f satisfies the condition f (p+q−2) = f (p)+f (q)−f (2) for all p, q ∈ PRIMES.
